We study two kinds of inelastic meson-meson scattering. The first kind is inelastic 2-to-2 meson-meson scattering that is governed by quark interchange as well as quark-antiquark annihilation and creation. Cross-section formulas are provided to get unpolarized cross sections for πK → ρK * for I = 1/2, πK * → ρK for I = 1/2, πK * → ρK * for I = 1/2, and ρK → ρK * for I = 1/2. Near threshold, quark interchange dominates the reactions near the critical temperature. The second kind is 2-to-1 meson-meson scattering with the process that a quark in an initial meson and an antiquark in another initial meson annihilate into a gluon and subsequently the gluon is absorbed by the other antiquark or quark. The transition potential for the process is derived. Four Feynman diagrams at tree level contribute to the 2-to-1 meson-meson scattering. Starting from the S-matrix element, the isospin-averaged unpolarized cross section with transition amplitudes is derived. The cross sections for ππ → ρ and πK → K * decrease with increasing temperature.
I. INTRODUCTION
Meson-meson scattering is an important field in exploring strong interactions. Starting from the chiral perturbation theory Lagrangian, any amplitude for meson-meson scattering is derived to form a perturbative expansion in powers of external momenta and quark of either a kaon or a vector kaon between the two initial mesons. The reactions governed by quark interchange or by quark-antiquark annihilation and creation can also be studied by implementing chiral perturbation theory within the nonperturbative schemes.
For example, elastic ππ scattering for I = 2 and elastic πK scattering for I = 3/2 have been stuided in Refs. [4] [5] [6] [7] [8] 13] . The Lagrangian of chiral perturbation theory includes various couplings of pseudoscalar mesons, which establish amplitudes for the scattering.
The experimental data of S-wave elastic phase shifts for the scattering are reproduced from the amplitudes by means of the nonperturbative schemes.
In the present work we first study inelastic meson-meson scattering mediated by both quark interchange and quark-antiquark annihilation into a gluon which subsequently creates a quark-antiquark pair. This kind of scattering includes πK → ρK * for I = 1/2, πK * → ρK for I = 1/2, πK * → ρK * for I = 1/2, and ρK → ρK * for I = 1/2. Since the four isospin channels of these reactions have not been taken into account in models for ultrarelativistic heavy-ion collisions, our results will be helpful in improving these models. Second, we study the reactions ππ → ρ and πK → K * based on quark-antiquark annihilation into a gluon which is further absorbed by a quark or an antiquark. The cross sections we obtain will be compared to experimental data on ππ → ρ [25] and the estimate derived in Ref. [26] on πK → K * in vacuum. Since both reactions are important in hadronic matter, we also study their temperature dependence.
Taking the parameter in the Feynman-Hellmann theorem [27] as the quark mass, the theorem can be used to study the dependence of the ground-state hadron mass on the quark mass. The theorem has been recently generalized to unstable states in quantum field theory [28] . Combining the theorem and recent lattice data on the quark-mass dependence of hadron masses, Elvira et al. [28] have studied the possible exotic admixture (pentaquarks, tetraquarks, etc.) of hadronic states. They conclude that the groundstate vector mesons are predominantly quark-antiquark states. We thus assume that the ground-state vector mesons are quark-antiquark states.
While Barnes et al. [19] study elastic ππ scattering for I = 2 and elastic πK scattering for I = 3/2, they assume that Born-order quark-interchange diagrams dominate the elas-tic scattering and that s-channel resonance production and t-channel resonance exchange
are not important. While we study inelastic meson-meson scattering in Ref. [22] , we assume that diagrams of Born-order quark-antiquark annihilation and creation dominate the inelastic scattering and that the contributions of the annihilation with gluonic excitation into a hybrid meson and the annihilation of a color-singlet quark-antiquark pair into a (virtual) glueball [29] are negligible. In the present work we assume that the diagrams of Born-order quark interchange and the diagrams of Born-order quark-antiquark annihilation and creation dominate the four reactions: πK → ρK * for I = 1/2, πK * → ρK for I = 1/2, πK * → ρK * for I = 1/2, and ρK → ρK
This paper is organized as follows. In Sect. II we provide cross section formulas for 2-to-2 meson-meson reactions that are governed not only by quark interchange but also by quark-antiquark annihilation and creation. In Sect. III we derive the formulas of isospinaveraged unpolarized cross sections for 2-to-1 meson-meson reactions. In Sect. IV we derive a transition potential for the process that is a pair of quark-antiquark annihilates into a gluon and subsequently the gluon is absorbed by a quark or an antiquark. Transition amplitudes in the cross section formulas are calculated. In Sect. V numerical cross sections are presented, and relevant discussions are given. In Sect. VI we summarize the present work.
II. CROSS-SECTION FORMULAS FOR 2-TO-2 REACTIONS
Quark interchange leads to the meson-meson scattering processes
The scattering may take the prior form where gluon exchange takes place prior to quark interchange or the post form where quark interchange is followed by gluon exchange. The transition amplitude corresponding to the prior form is
and the one corresponding to the post form is
where p ab is the relative momentum of constituents a and b; E A (E B , E C , E D ) is the energy of meson A (B, C, D); ψ ab ( p ab ) is the mesonic quark-antiquark wave function which is the product of the color wave function, the spin wave function, the flavor wave function, and the relative-motion wave function of constituents a and b; ψ + ab is the Hermitean conjugate of ψ ab ; V ab is the quark potential [30] that is given by perturbative QCD with loop corrections to one-gluon exchange at short distances, that becomes a distance-independent and temperature-dependent potential at long distances, and that has a spin-spin interaction with relativistic modifications. The Fourier transform of the relative-motion part of [31] . Moreover, the experimental data of S-wave phase shifts for the elastic ππ scattering for I = 2 in vacuum [32] are reproduced in the Born approximation [30] . In reproducing the experimental meson masses the masses of the up quark, the down quark, the strange quark, and the charm quark are 0.32 GeV, 0.32 GeV, 0.5 GeV, and 1.51 GeV, respectively.
If a quark and an antiquark annihilate into a gluon, this gluon may create a quarkantiquark pair. This process of quark-antiquark annihilation and creation leads to A(q 1q1 )+
and the transition amplitude for
where k is the gluon momentum, and V aq 1q2 and V aq 1 q 2 are the transition potentials for q 1 +q 2 → q 3 +q 4 andq 1 + q 2 → q 3 +q 4 , respectively. The transition potentials have been given in Ref. [22] . With the transition amplitudes the experimental data [33] of S-wave I = 0 and P -wave I = 1 elastic phase shifts for ππ scattering near the threshold energy in vacuum are reproduced.
Meson i (i = A, B, C, D) has the angular momentum J i with its magnetic projection quantum number J iz . In the center-of-mass frame meson A has the momentum P , meson C has the momentum P ′ , and the angle between P and P ′ is θ. In hadronic matter the cross section depends on temperature T and s = (P A + P B ) 2 , where P A and P B are the four-momenta of mesons A and B, respectively. The cross section for the scattering including the quark-interchange process in the prior form as well as the quark-antiquark annihilation and creation is
The cross section for the scattering including the quark-interchange process in the post form as well as the quark-antiquark annihilation and creation is
The unpolarized cross section is given by
III. CROSS-SECTION FORMULAS FOR 2-TO-1 REACTIONS
If a quark in meson A and an antiquark in meson B annihilate into a gluon, this gluon may be absorbed by the antiquark in meson A or the quark in meson B. We have four
Feynman diagrams shown in Fig. 1 for the reaction
where meson H is q 2q1 in the two upper diagrams or q 1q2 in the two lower diagrams. The 
where P ab , R ab , and r ab are the total momentum, the center-of-mass coordinate, and the relative coordinate of a and b, respectively. The wave function of meson H is
corresponding to the two upper diagrams or and the four-momentum P i = (E i , P i ).
We first consider the two upper diagrams in Fig. 1 . Three independent constituent position-vectors are r q 1 , rq 1 , and r q 2 . They are related to R q 2q1 , r q 1q1 , and r q 2q2 by
which lead to
From the wave functions of the initial and final mesons and the independent position vectors we have for the left upper diagram:
where r q 1q1 ,q 2q2 ( p q 1q1 ,q 2q2 ) is the relative coordinate (the relative momentum) of q 1q1 and q 2q2 , and the transition amplitude is
For the right upper diagram we obtain
with the transition amplitude:
Next, we consider the two lower diagrams in Fig. 1 . The three independent constituent position-vectors are r q 1 , rq 1 , and rq 2 . They are related to R q 1q2 , r q 1q1 , and r q 2q2 by
Using the independent position vectors and Eq. (23), we have for the left lower diagram:
with
For the right lower diagram we obtain
We take the Fourier transform of the meson wave functions and the transition potentials:
where k is the gluon momentum. The normalizations are d r ab ψ + ab ( r ab )ψ ab ( r ab ) = 1 and
Substitute the Fourier transform in Eqs. (17), (19), (25), and (27) to get
The unpolarized cross section for A + B → H is
In the center-of-mass frame of the two initial mesons E f = m H and E i = √ s. Then,
The experimental cross sections of ππ → ρ are large but finite. Since δ(x) = lim
) with a small value of h to mimic the experimental data. Substituting the relation,
in Eq. (40), we get the unpolarized cross section,
IV. TRANSITION POTENTIAL AND TRANSITION AMPLITUDE
The reaction A + B → H involves quark-antiquark annihilation into a gluon and subsequent gluon absorption by a quark or an antiquark. This process is shown in Fig. 2 where the left diagram indicates q
. The left diagram has been used to study pp annihilation into two mesons [34] . According to the Feynman rules in QCD [35] , the amplitude for the left diagram in Fig. 2 is written as
where g s is the gauge coupling constant; the gluon has the four-momentum k, the color index e, and the space-time index τ ; T e (e = 1, · · ·, 8) are the SU(3) color generators; γ τ are the Dirac matrices; repeated color and space-time indices (e and τ ) are summed. The s qz ) ) and the antiquark spinor (ψq( p 3 , sq z )) are given in a familiar way [22, 36] by
where σ are the Pauli matrices, χ sqz , χ sqz , χ s q ′ z , and χ s ′ q ′ z are the spin wave functions with the magnetic projection quantum numbers, s qz , sq z , s q ′ z , and s ′ q ′ z , of the quark or antiquark spin, respectively. The amplitude for the right diagram in Fig. 2 is,
where the antiquark spinors, ψq′( p 1 , sq′ z ) and ψq′( p
where χ sq′ z and χ s ′q ′ z are the spin wave functions with the magnetic projection quantum numbers, sq′ z and s ′q ′ z , of the antiquark spin, respectively. Keeping such terms to order of the inverse of the quark mass, we get
Since
with λ being the Gell-Mann matrices, we obtain the transition potential for q
and the transition potential forq
In Eqs. (54) and (55), λ(32) ( σ(32)) mean that they have matrix elements between the color (spin) wave functions of the initial antiquark and the initial quark. In Eq. (54), λ(1) ( σ(1)) mean that they have matrix elements between the color (spin) wave functions of the final quark and the initial quark. In Eq. (55), λ(1) ( σ(1)) mean that they have matrix elements between the color (spin) wave functions of the initial antiquark and the final antiquark.
Starting from the quark and antiquark spinors and the gluon-quark vertices with the Dirac matrices, the amplitude for the left or right diagram in Fig. 2 is proportional to the product of the transition potential and the nonrelativistic quark and antiquark wave (52) and (53). Only in obtaining the transition potential we use the quark and antiquark spinors. Because the nonrelativistic wave functions appear in Eqs. (52) and (53), we proceed to get the S-matrix element in Sect. III. In the nonrelativistic framework the product of the nonrelativistic quark and antiquark wave functions in a meson is rewritten as the product of the quark-antiquark relative-motion wave function and the center-of-mass motion wave function as seen in Eqs. (9)- (11) . Normalization in the volume V should be given to the wave functions of meson H in Eq. (10) or (11), meson A, and meson B in Eq. (9) .
The wave function of mesons A and B is
and the wave function of meson H is
where Table 1 . The spin matrix elements in M rq 1 q 2 q 1 and M rq 1 q 2q2 equal the ones in M rq 1q2 q 2 and M rq 1q2q1 , respectively. The flavor matrix element of ππ → ρ (πK → K * ) is 1 (0) for the two upper diagrams and -1 (-
) for the two lower diagrams.
V. NUMERICAL CROSS SECTIONS AND DISCUSSIONS
We consider the following inelastic meson-meson scattering processes that are governed not only by quark interchange but also by quark-antiquark annihilation and creation:
The flavor matrix elements of the four channels are -1/2 in M measured from Au-Au collisions is 0.175 GeV [37] . This is consistent with the prediction of the lattice gauge calculations in Ref. [38] .
Numerical cross sections plotted in Figs. 3-6 are not convenient for use in future.
Hence, the numerical cross sections should be parametrized. All the cross sections shown in Figs. 3-6 approach zero at √ s → ∞. In Figs. 3 and 4 every curve exhibits a peak.
We may use a function of the form a 1 (
)] to fit the numerical cross sections, i.e., the curves.
√ s 0 is the threshold energy and decreases with increasing temperature. The parameters a 1 and b 1 equal the height of the peak and the separation between the peak's location on the √ s-axis and the threshold energy, respectively. The function has only one maximum and can well fit some curves with one peak, but is insufficient for fitting a curve with two peaks in Fig. 6 . To remedy this, we use a sum of two functions,
to get a satifactory fit. No more functions are used because of the terrible computation time. The values of the parameters, a 1 , b 1 , e 1 , a 2 , b 2 , and e 2 , are listed in Table 2 . The six parameters are positive and depend on temperature. In the table d 0 is the separation between the peak's location on the √ s-axis and the threshold energy, and √ s z is the square root of the Mandelstam variable at which the cross section is 1/100 of the peak cross section. At √ s = √ s 0 the parametrization gives zero cross section what is a feature of endothermic reactions. Now a 1 does not equal the peak's height, and the sum of a 1 and a 2 is mainly determined by the peak cross section. The peak cross sections of the 4 reactions have the same behavior: from T /T c = 0 to 0.95 each first decreases to a value and then increases from the value. Correspondingly, a 1 , a 2 , and a 1 + a 2 decrease first and then generally increase. The parameters b 1 and b 2 are related to
Space and time are discretized in lattice QCD. Denote the temporal and spatial lattice spacings by a τ and a σ , respectively. The temporal extent N τ satisfies N τ a τ = β ≡ 1/T.
Let x = ( x, x 4 ) label the space-time lattice sites. With the link variables U µ ( x, x 4 ) [39] the Polyakov loop at the spatial lattice site x is defined as
The Polyakov loop correlation function is given by [38] 
where χ x is the transformed quark field [39] , S G is the gauge action [38] , S F is the staggered fermion action [38] , and n f is the number of dynamical-quark flavors. The temperature dependence of the Polyakov loop correlation function comes from the following two aspects. The first one is that β explicitly gives rise to temperature dependence through a τ , e −βS G , and the two Polyakov loops. The gluon field is subject to the periodic boundary condition that its values at x 4 = 0 and x 4 = N τ are equal. The quark field satisfies the antiperiodic boundary condition that its values at x 4 = 0 and x 4 = N τ differ only in sign.
The second is that the two boundary conditions give rise to temperature dependence of the gluon field, the quark field, the link variable, and the integration measure.
Place a heavy quark at x a and a heavy antiquark at x b . The Polyakov loop correlation function is related to the free energy F (T, r) of the heavy quark-antiquark pair by
where r = a σ | x a − x b |, and C ′ is a normalization constant. In hadronic matter, i.e., T < T c the quark-antiquark free energy can be taken as the quark-antiquark potential [40] [41] [42] [43] [44] [45] . The lattice gauge calculations in Ref. [38] thus provide the numerical quarkantiquark potential at r > 0.3 fm at T /T c > 0.55. The potential is temperature-dependent and spin-independent. At long distances the potential becomes a distance-independent value. With increasing temperature the value decreases.
The potential between constituents a and b in coordinate space is
where
with α ′ = 1.04 GeV −2 , λ a are the Gell-Mann matrices for the color generators of constituent a, s a is the spin of constituent a, the function v is given by Buchmüller and Tye in Ref. [46] , and the quantity d given in Ref. [22] is related to the constituent masses.
The temperature dependence of the potential is shown by the first term. The sum of the first and second terms fits the lattice QCD results at intermediate and long distances at T /T c > 0.55 [38] . Solving the Schrödinger equation with the quark potential, we obtain the temperature dependence of meson masses and quark-antiquark relative-motion wave functions. The temperature-dependent masses lead to temperature dependence of the threshold energy which is the sum of the masses of the two final mesons for the 2-to-2 reactions or the mass of the final meson for the 2-to-1 reactions. The temperature dependence of the potential, the meson masses, and the mesonic quark-antiquark wave functions bring about the temperature dependence of the unpolarized cross sections for the 2-to-2 reactions via the transition amplitudes in Eqs. (1)- (4), while the masses and wave functions also do this for the 2-to-1 reactions via the transition amplitudes in Eqs. (36)- (39).
We note that the transition potentials in Eqs. (54)- (55) are temperature-independent.
The four reactions are endothermic. The cross section for πK * → ρK for I = 1/2 at a given temperature increases very rapidly from threshold, reaches a maximum, and then decreases rapidly. However, the cross section for πK → ρK * for I = 1/2 at T /T c = 0, 0.65, 0.75, or 0.85 decreases slowly from its maximum; the cross section for ρK → ρK * for I = 1/2 at T /T c = 0.85 even decreases first and then increases. The cross section for ρK → ρK * for I = 1/2 at T /T c = 0.9 or 0.95 has a narrow peak near threshold and a wide peak around √ s = 2.5 GeV.
The reaction πK * → ρK for I = 3/2 is governed by quark interchange only [21] . The flavor matrix element of πK * → ρK for I = 3/2 is 1, while the one of πK * → ρK for I = 1/2 due to quark interchange is -1/2. The peak cross section of πK * → ρK for I = 3/2 at T /T c = 0.95 is roughly four times the one of πK * → ρK for I = 1/2 at the same temperature. Therefore, near the critical temperature quark interchange dominates the reaction πK * → ρK for I = 1/2. This conclusion can also be drawn in the cases of πK * → ρK * , πK → ρK * , and ρK → ρK * .
The Buchmüller-Tye potential arises from one-gluon exchange plus perturbative oneand two-loop corrections [46] , and provides g s = 2 √ 6π 5
for one-gluon exchange. Set h = 1/(53 √ π) fm −1 . According to Eq. (43) we calculate isospin-averaged unpolarized cross sections for ππ → ρ and πK → K * at various temperatures. Results are listed in Table   3 . σ unpol in Eq. (58) decreases when √ s − √ s 0 increases from the larger one of b 1 and b 2 . It is shown in Table 3 that the cross sections decrease when temperature increases.
We thus use the right-hand side of Eq. (58) to fit the numerical cross sections in Table   3 by replacing √ s − √ s 0 with T /T c − 0.42 for ππ → ρ or T /T c − 0.5 for πK → K * .
In the temperature region 0.6T c < T < T c hadronic matter exists. The isospin-averaged unpolarized cross section for ππ → ρ for 0.6T c ≤ T < T c is parametrized as 
At T = 0 the cross sections for ππ → ρ and πK → K * are 80.07 mb and 60.5 mb in comparison with the measured value 80 mb [25] and the estimate 60 mb formed in
Ref. [26] , respectively. The value 80.07 mb (60.5 mb) is much larger than 0.64 mb (0.27 mb) which is the maximum of the isospin-averaged unpolarized cross section for ππ → ρρ (πK → ρK * ) at T = 0 [21, 22] . With increasing temperature the cross section for either reaction shown in Table 3 decreases. As the temperature increases from zero, the long-distance part of the quark potential V ab gradually becomes a distance-independent and temperature-dependent quantity. As the temperature increases from 0.6T c to T c , the quantity decreases and confinement becomes weaker and weaker. The weakening confinement with increasing temperature makes combining the final quark and the final antiquark into a meson more difficult, and thus reduces the cross section. At T /T c = 0.95 the cross section for ππ → ρ (πK → K * ) is still much larger than the maximum of the isospin-averaged unpolarized cross section for ππ → ρρ (πK → ρK * ), which is 0.11 mb (0.78 mb) at the same temperature [21, 22] .
VI. SUMMARY
We have provided cross section formulas for the reactions that are governed by quark interchange as well as quark-antiquark annihilation and creation, and have obtained the temperature dependence of the unpolarized cross sections for πK * → ρK for I = 1/2, πK * → ρK * for I = 1/2, πK → ρK * for I = 1/2, and ρK → ρK * for I = 1/2. Near threshold quark interchange dominates the four channels near the critical temperature;
in the other energy region the quark-antiquark annihilation and creation may dominate the four channels. The numerical cross sections are parametrized for future use in the evolution of hadronic matter.
We have proposed a model to study 2-to-1 meson-meson scattering. The isospinaveraged unpolarized cross section for the scattering has been derived, and the cross section formulas have been applied to study ππ → ρ and πK → K * . The reactions contain the process where a quark-antiquark pair annihilates into a gluon and subsequently the gluon is absorbed by a quark or an antiquark. The transition potential of the pro- 13.73 12.29 10.74 9.82 9.36 8.69 6.43 0.41 
